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SHEPHERDSON’S THEOREMS FOR FRAGMENTS OF
OPEN INDUCTION
JANA GLIVICKA´ AND PETR GLIVICKY´
Abstract. By a well-known result of Shepherdson, models of the
theory IOpen (a first order arithmetic containing the scheme of in-
duction for all quantifier free formulas) are exactly all the discretely
ordered semirings that are integer parts of their real closures. In
this paper we prove several analogous results that provide algebraic
equivalents to various fragments of IOpen.
1. Introduction
In [She64] Shepherdson proved that there is a recursive nonstandard
model of the open induction arithmetic IOpen (in contrast to Peano
arithmetic (PA), where no such model exists by the Tennenbaum’s the-
orem [Ten59]). Shepherdson’s model is constructed as an integer part
of certain real closed field (see the Preliminaries section for the pre-
cise definitions). Implicitly, even more is proved: a discretely ordered
semiring M is a model of IOpen if and only if M is an integer part of
the real closure R(M) of M.
In this paper we prove several analogous results – versions of the
Shepherdson’s theorem – for other fragments of PA in place of IOpen
that correspond to various algebraic properties of (extensions of) their
models.
2. Preliminaries
2.1. Discretely ordered rings and their extensions. A discretely
ordered ring is a structure R = 〈R, 0, 1,+,−, ·,≤〉 such that 〈R, 0, 1,+,
−, ·〉 is a commutative ring, ≤ is a linear ordering on R such that 1 is
the least positive element, and ≤ respects + and · in the following way:
a ≤ b→ a+ c ≤ b+ c, 0 ≤ a, b→ 0 ≤ a · b,
for all a, b, c ∈ R.
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A nonnegative part of a discretely ordered ring in the language with-
out − is called a discretely ordered semiring. We denote the semiring
corresponding to the ring M by M+.
Further on,M always denotes a discretely ordered ring. (Such anM
necessarily contains negative elements and therefore, strictly speaking,
can not be a model of arithmetical theory T . If we say that M is a
model of T , which we denote by M |= T , we mean that M+ is.)
We define F(M) as the fraction field ofM and R(M) as the unique,
up to isomorphism (by the Artin-Schreier theorem [Mar02, Theorem
B.14]), ordered real closure of F(M) that preserves the ordering of
F(M). By M
N
we denote the ordered ring of all formal fractions of the
form m/n, where m ∈M and 0 6= n ∈ N.
Let R be a ring. A discretely ordered subring I of R is called an
integer part of R (denoted by I ⊆IP R) if for every r ∈ R, there is
i ∈ I such that r − 1 < i ≤ r.
We call m ∈ M the integer part of r ∈ R(M) if r − 1 < m ≤ r.
(Note that every r ∈ R(M) has an integer part m ∈ M if and only if
M⊆IP R(M).)
We say that an ordered ring R′ is a dense subring of an ordered ring
R, and denote it by R′ ⊆d R, if R′ is a subring of R and for every
q < r from R there is r′ ∈ R′ such that q < r′ < r.
2.2. Integer-parts-of-roots property. Let f(x) be a definable unary
function on M. By IPR(f) (integer-parts-of-roots) we denote the fol-
lowing formula:
(a < b& f(a) ≤ y < f(b))→ (∃x)(a ≤ x < b& f(x) ≤ y < f(x+ 1)).
The intended meaning ofM |= IPR(f) can be expressed in vague terms
as “existence of integer parts for all f -roots of values y ∈ M” or, in
other words, “existence of integer parts of all values f−1(y), where f−1
is an inverse function of f , i.e. a function such that f(f−1(y)) = y, for
all y ∈M”.
If F is a set of definable unary functions on M, we write IPR(F)
for the scheme {IPR(f); f ∈ F}.
2.3. Arithmetical theories. Now we define several arithmetical the-
ories that we use in this paper. Robinson arithmetic (Q) is a basic
theory of arithmetic in the language L = 〈0, 1,+, ·,≤〉. It’s axioms are
just elementary properties of the symbols from the language. For our
purposes the precise axiomatics is not important. We refer the reader
to [HP93, page 28, Definition 1.1].
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Peano arithmetic is the extension of Q by the scheme
(ϕ(0, y) & (∀x)(ϕ(x, y)→ ϕ(x+ 1, y))→ (∀x)ϕ(x, y)), (1)
of induction for all L-formulas ϕ(x, y) with a distinguished variable x
(see e.g. [Kay91] for a detailed list of axioms and basic properties of
PA).
When we extend Robinson arithmetic just by the scheme (1) for all
quantifier free (also called open) formulas, we get the arithmetic of open
induction (IOpen). Its models are exactly all the discretely ordered
semirings that satisfy the induction axioms (1) for all quantifier free
formulas ϕ.
The theory IOpenLin (open linear induction) is the extension of
Robinson arithmetic by the induction scheme (1) for all linear formu-
las ϕ(x, y) with a distinguished variable x. Here, we say that ϕ(x, y)
is linear if in every occurrence of · in ϕ at least one of the two factors
is yi, for some i.
Presburger arithmetic (Pr) is the theory of the structure 〈N, 0, 1,+,≤〉.
It can be explicitly axiomatized as the theory in the language L+ =
〈0, 1,+,≤〉 containing the following axioms:
(A1) 0 6= z + 1, (A2) x+ 1 = y + 1→ x = y,
(A3) x+ 0 = x, (A4) x+ (y + 1) = (x+ y) + 1,
(D≤) x ≤ y ↔ (∃z)(x + z = y),
and the scheme of induction (1) for all formulas of the language L+.
3. Results
We describe how the relations between M, F(M) and R(M) trans-
late to certain forms of induction in M. The Shepherdson’s result on
the relation between IOpen and integer parts of real closures [She64]
can be reformulated in the following way:
Theorem 1. The following are equivalent for any discretely ordered
ring M:
(1) M⊆IP R(M),
(2) all roots r ∈ R(M) of polynomials p ∈M [x] have integer parts in
M ,
(3) M |= IPR(M [x]),
(4) M+  IOpen.
For Presburger arithmetic a similar theorem easily follows from well
known properties of Pr:
Theorem 2. Let M be a discretely ordered ring. Then the following
are equivalent:
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(1) M⊆IP M
N
,
(2) all fractions m/n with m ∈ M and 0 6= n ∈ N have integer parts
in M ,
(3) M |= IPR({n(x);n ∈ N}), where n(x) = x + . . . + x with n
summands,
(4) M+  Pr.
Theorems 3 and 5 state analogous results for other arithmetical
theories, providing equivalents to the following algebraic properties:
M⊆IP F(M) and F(M) ⊆d R(M).
Theorem 3. Let M be a discretely ordered ring. Then the following
are equivalent:
(1) M⊆IP F(M),
(2) all fractions m′/m with m′, m ∈ M and 0 < m have integer parts
in M ,
(3) M |= IPR({m(x);m ∈M}), where m(x) = m · x,
(*3) M  (∀n, k 6= 0)(∃n′)(∃0 ≤ l < k)(n = n′ · k + l),
(4) M+  IOpenLin.
Proof. Clearly, 1⇔ 2 and 3⇔ ∗3. Further:
• 1⇒ 4: Let ϕ(x, y¯) be a quantifier free linear formula, m¯ ∈M . We
prove that the induction axiom for ϕ(x, m¯) holds inM. ϕ(x, m¯) is
equivalent to a boolean combination of formulas of the form x·u ≥
v, for some u, v ∈M . Suppose thatM+  ϕ(0, m¯)∧¬(∀x)ϕ(x, m¯).
The set {x ∈M+;M+  ϕ(x, m¯)} is a finite union of intervals with
endpoints of the form v
u
, for some u, v ∈M , or ±∞. By condition
1, for any u, v ∈ M , there exists w ∈ M such that w =
⌊
v
u
⌋
. This
implies that M+  (∃w)(ϕ(w, m¯) ∧ ¬ϕ(w + 1, m¯)).
• 4 ⇒ ∗3: Fix n, k 6= 0 ∈ M+. M  0 · k ≤ n ∧ ¬(∀n′)(n′ · k ≤ n),
however n′ · k ≤ n is an open linear formula. Condition 4 implies
M+  (∃n′)(n′ · k ≤ n < (n′+1) · k); such an n′ and l := n−n′ · k
satisfy the condition ∗3.
• ∗3 ⇒ 1: Let n
k
∈ F(M) and n′, l ∈ M satisfying the condition ∗3
for n, k. Then n
k
= n
′·k+l
k
= n′ + l
k
and
∣
∣n′ − n
k
∣
∣ = l
k
< 1.

Lemma 4. Let r ∈ R(M) satisfy 0 < r < 1. Then there is some
m ∈M+ such that 0 < 1
m
< r.
Proof. Suppose for contradiction that for every m ∈ M+ it is 0 < r <
1
m
. Let f(x) ∈ F(M)[x] be of the least degree such that r is the root
of f(x). Then the absolute coeficient of f(x) is 0 (if not then it can
be expressed as a linear combination of powers of r which is easily a
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contradiction) and f(x) = g(x) · x for some g(x) ∈ F(M)[x]. This
contradicts the minimality of degree of f(x). 
Notation:
I lxϕ(x, y¯) = I
l
xϕ := ((∀u < l)ϕ(u, y¯)∧(∀v)(ϕ(v, y¯)→ ϕ(v+l, y¯)))→ (∀x)ϕ(x, y¯)
eIOpen is an axiom schema (∃l > 0)(I lxψ(
x
l
, y¯)), where ψ(x, y¯) is an
open formula.
If we rewrite I lxψ(
x
l
, y¯) we get the following formula
((∀u < l)ψ(
u
l
, y¯) ∧ (∀v)(ψ(
v
l
, y¯)→ ψ(
v
l
+ 1, y¯)))→ (∀x)ψ(
x
l
, y¯).
Theorem 5. Let M be a discretely ordered ring. Then the following
are equivalent:
(1) F(M) ⊆d R(M),
(2) (∀r ∈ R(M))(∃f ∈ F(M))(r < f < r + 1),
(3) (∀r ∈ R(M))(∃l, m ∈M)(m ≤ lr < m+ l) [i.e. m
l
≤ r < m
l
+1],
(4) M+  eIOpen.
Proof. 1 ⇒ 4: Let ψ(x, y¯) be an open formula, a¯ ∈ M+; in the next,
ψ(x) means ψ(x, a¯). ψ(x) can be written as a boolean combination of
fomulas of the form p(x) ≥ 0, where p(x) ∈ F(M)[x]. ψ(x) can change
its truth value only at roots of these polynomials.
Suppose there is some f ∈ F(M) such that 0 ≤ f < 1 and ¬ψ(f).
As f = u
l
for some u < l ∈M+, we have ¬ψ(u
l
) and I lxψ(x) holds.
In the next, we suppose ψ(x) holds on [0, 1)∩F(M). Let r ∈ R(M)
be the largest root of some polynomial from ψ(x) such that ψ(x) holds
on [0, r)∩F(M) (if there is not such an r, ψ(x) holds on all f ∈ F(M);
in particular, I lxψ(x) holds for any l > 0). Let r
′ ∈ R(M) be the
smallest root of some polynomial from ψ(x) greater then r (or r′ :=
+∞, if such a root does not exist). By 1, there exists some f ∈ F(M)
with 1 ≤ r < f < r′, f < r + 1. Let us take m, l ∈ M+ such that
f − 1 = m
l
. Then 0 < m
l
< r < m
l
+1 < r′. Then, by the choice of r, r′,
it holds ψ(m
l
) and ¬ψ(m
l
+ 1). That implies I lxψ(
x
l
).
4⇒ 3: r ≈ r′ denotes that there is no f ∈ F(M) between r and r′.
Let us fix r ≥ 1, the case for 0 ≤ r < 1 is trivial, r < 0 symmetric.
Note that it suffices to find some m, l ∈ M such that 3 holds for m, l
and any r′ ≈ r. Let p(x) ∈ F(M)[x] be such that p(r) = 0. By
(repeateadly) differentiating p(x), we arrive at some polynomial p′(x)
such that it has only one, simple root r′ ≈ r. We may suppose that
p′(x) is increasing at r′. Choose f, f ′ ∈ F(M) so that r′ is the only
root of p′(x) between them.
Consider ψ(x) := (x ≤ f ′) ∧ (x ≤ f ∨ p′(x) ≤ 0). Obviously, ψ(x)
holds on [0, r′] and does not hold on (r′,+∞). By 4, there exists l ∈ M ,
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l > 0 such that I lxψ(x). We chose r ≥ 1, thus also r
′ ≥ 1. Therefore
ψ(u
l
) holds for every u < l. On the other hand, ¬(∀x)ψ(u
l
). From
I lxψ(x), we get m ∈ M such that ψ(
m
l
) and ¬ψ(m
l
+ 1). This implies
m
l
≤ r′ < m
l
+ 1 and we are done.
3⇒ 2: Easy.
2 ⇒ 1: Let r < r′ ∈ R(M). By Lemma 4, we may fix 0 < k ∈ M
such that 1
k
< r′ − r. Then kr < kr + 1 < kr′. By 2, there exists
f ∈ F(M) for which kr < f < kr + 1 < kr′ holds. This implies
r < f
k
< r′. Since f
k
∈ F(M) we are done. 
As clearly (M⊆IP F(M) &F(M) ⊆d R(M))→M⊆IP R(M), we
get the following:
Corollary 6. IOpen = IOpenLin + eIOpen.
Proof. The inclusion ⊆ follows from the above implication. The other
inclusion is trivial as all instances of the induction scheme in IOpenLin
and eIOpen are just special cases of open induction. 
Similarily from the inclusion IOpen ⊇ IOpenLin + eIOpen, we get:
Corollary 7. (M⊆IP F(M) &F(M) ⊆d R(M))↔M⊆IP R(M).
4. Questions
The obvious similarity of Theorems 1, 2, 3 (and 5) suggests that there
may be a common generalization. We state this as a rather vague
Open question 8. Is there a truly general Shepherdson’s theorem, i.e.
a theorem such that Theorems 1, 2, 3 (and 5) are its special cases?
The theory IOpen is the strongest fragment of PA that we have
a Shepherdson’s type theorem for. Recently, however, Shepherdson’s
original ideas were generalized by Ko lodziejczyk [Ko l11] and used to
construct interesting models of the theory T 02 (an arithmetic with sharply
bounded induction – see [Ko l11, Section 2] for the precise definition)
that is stronger than IOpen. Therefore it seems interesting to ask:
Open question 9. Are there variants of the Shepherdson’s theorem
for theories stronger than IOpen? In particular is there such a variant
for the theory T 02 ?
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